1 Linear Regression
x€eRY yeR, X e R4 y e R, & € R*¥P
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w = argmin - > " (¥
weRd

LASSO: w = argmin ||y — Xw]||3 + A||w]||1
WER

6.1 Kernelization
w==®&"a, a cR", & c R"¥P W= =a;p(x;)
= (XX +AL;)"'X"y, Optimal A selected with CV  f(x) = (W, ¢(x)) = (@', p(x))
LASSO induces sparsity (many coefficients set to zero) =D imy aif(x ) P(x)) = >0 ik(xi, x)
a= arg min lly —Ke||, if K is invertible, then aa = K™y
0-1 loss: gO—l(Signfw(x)a y) = Hsignfw(x);éy = ]Ifw(:r)~y<0
log. loss: £1o(W) = log(1 + e ¥wX)) = log(1 + emyw' )

WM = arg max margin(w) = arg max 1I<m£1 yi (W, X;)
[lwll2=1 [[wlla=1 2=!="

Ridge: W = argmin |ly — Xw]3 + X||w|[3

2 weERd

—wlx;) —argmlnHy Xwl|3

weRd

(Vwlly - Xwl|3 =2X"(XW ~y) =0)
Ifn>d X full r.: w=(XTX)"'XTy
Ifn<d X fullr.: w= (XTX)IXTy = XT(XXT)~!

If n < d there always exists w such that y = Xw
2 Optimization

A~

Kernel rldge ly-Ka|j+ aTKa, &= (K+AI)™!
Eigenvalues: )\22 + A\, Aii EV of K

Memory: For ¢(x;) € RP for i =1 —n — O(np)
For k(x;,x;) € R for i,j =1 —n — O(n?)

Closed-form solution of linear regression: O(n? + nd?)

2.1 Gradient Descent

: wsyM = argmin ||wl|s s.t. yi(w,x;) > 1,Vi=1—-n p get big fast: A poly. of deg. m of d-dim. inp., need
witt = w' —nVL(w'), real step size: ||V L(w')|| weRd ' ' p= (m,;:d) = O(d™) features,  if m»d h(m) = O(m?)
Amaz = )\maw(XT X) & Apin = Amm(XT X), k= Amaz s = wsvm/||Wsvarl|2 Num. of computations: from O(n?d™) to O(n?(d +m))

R Linear separable data: Logistic regression — w
Nopt = m N <2/ Amaz  Pmin = % p & ) MM

6.2 Valid kernel functions

1. kis sym.: k(x,x') = k(x/,x) 2. K-Matrix K is p.s.d.

T

W' X
2.2 Momentum-based Methods & SGD

witl = wl 4+ a(w! —wi™1) — nVL(w?)

|minibatch| impacts updates & comp. complexity

Length of projection of x onto w

%

[[wl|
5.2 Soft-Margin Solution

Hinge loss: max(0,1 — y;w!x;)
min

6.3 Examples of kernels
Inner product of kernel: k(x,x’)

= 9((x,x))

o — polynomial kernel k(x,x’) = (1 + (x,x))™
[H“JH% + AL max(0,1 — Z/iWTXi)] ,
weRd £€R? RBF kernels: k(x,x") = g(||x — x||)
Oth-order: f(Ax+ (1 —AN)y) < Af(x)+(1-A)f(x 5.3 Multiclass classification — a-exponential kernel k(x,x’) = exp ( = xI”P)
Ist-order: f(y) > f(x) +(Vf(x),y —x) Train One-vs-rest binary calssifier: y(x) = arg maxﬁ( )
2nd-order: D2f(x) =0, or x'D?f(x)x>0

1. af 4+ Bg convex, if f, g convex and «, 8 > 0

2. f og convex, if f convex and ¢ affine, or f non-
decreasing and g convex

3. maz(f,g) convex, if f, g convex

3 Model evaluation and selection

1<k<K

efy ()

seenttopys s (0. o Fic():9) = ~tog ( 225 )

5.4 Evaluation metrics for classifiers

Important class (null hypothesis): negative labels -1

Strong Conv.: f least as conv. as quad. f: D?f(x) = mlI FP: predict +1, when real -1 (more important then FN)

Gaussian: a =2 & p=2

Sigmoid: ¢(z) =

1
1+exp(—=z)

Hyperbolic tangent: ¢ = tanhz =

RELU: ¢(z)

Laplacian: a =2 & p=1

7 Neural Networks
7.1 Activation Function

= max(0, 2)

exp(z) —exp(—2)
oxp(z) Fexp(—2)

7.2 Universal Approximation Theorem
Precision ATP FDR (1 - AFP f:]0,1]% = R, ¢ the sigmoid, — f approx. by finite sum:
3.1 Estimation and Generalization Error #y=+1} Precision) #y=+1} A( ) = Z w(2 ( (1)> % —i—w(l)
Train/Test Error: m Z(m 1)EDsrain e 0(f(z),y) Recall (TPR, #4TP FPR (type I AFP P
rawn/tes N ? rawm/ies #{y +1} —#{y:—l}
Exp. estimation Error: Ex/¢(fp(X), f*(X)) FNpower) i error) 7.3 Forward Propagation (inp. lay. v(¥) = [x,1])
Generalizati : Exyl(fp(z),Y R (type #EN TNR el Dyl
eneralization error: Ex y¢(fp(x),Y) i) =17 Fly=—T7 1. 7z = wy(-1) and v) — [¢ (Z(l)) 1]
3.2 K-fold cross-validation (popular K={5,10}) [E=rpyyms 2 precision + FDR = 1 2. for output layer f = Why(-1)
4 Bias-Variance & Ridge/LASSO Regular. .p'e"iSic’“er ; 7.4 Back Propagation
- = . Assymetric error function: cpy - FNR + cpp - FPR for L 50 — v,
Ep[L(fp; Px,y)] = Exy,p[(fp(X) = Y)7] When cpy < cpp, it is more important to control FP orLe - errcC)lr.. V_ fE d 50\ 1 1)\ T
N N N . - t: = -
= Ex,p[(/p(X) ~Epl/p(X))*  — Varp(/p) 5.5 ROC curve (TPR+FNR=1)(TNR-FPR=1) gradient: Vo)t = diog (6) 1 (v~)
+ Ex[(Ep[fp(X)] ~ £+(X))’] - BiaSQD(fD) 7 deacreases — bigger TPR & FPR for I:
+ Exy[(f*(X) - Y)?] — a?

- error: 61) = diag(p(z®))(WEHINHT §+1)

o . o . l
Ideal AUROC = 1, randomly guessing AUROC = 1/2 - gradient: Vgl = diag(6")

]-nl (V(l—l))T



9.4 Autoencoders
If act. f is I, then fitt. a NN autoenc. is equiv. to PCA.

10 Probabilistic Modeling & Interference
D\6
pOID) =* 0)  Dku(P||Q) >0

7.5 Weight initialization
RELU: N( ) tanh: N( —)orN(,m>

Ensures equal (const.) variance of neurons in each layer.

7.6 Other NN stuff

Dropout: 1 — p prob. to eliminate unit & freeze w.
To compensate, we multiply w with p during test time.

7.7 Convolutional Neural Networks

Output image dim: (ﬁsp_f + 1) X (%p_f + 1) X m
8 Clustering

)

=~ priorbelief
update

posteriorbelief

Oy = argmax p(D; 0) = arg max Hl 1 P(%4, 43 0)
6co cO

= a’reg min Zz 1 —IOg p(XZJ Yis 0)
€0

8.1 k-Means Clustering and Lloyd’s Heuristic Kullbach-Leibler: Dkr,(P || Q) = EXNP[ZOQ% ]
1. zi <—a;r:g1m1n||xi—y,j l|2, i=1,. 102 MAP

2. (t) Z” ;X j=1,...k Onap = ar%ergaxp(eﬂ)) = ar%ergaxp(DW)p(e)
Converges to local opt. Dependend on initialization. = ar%;gax (ITi=y p(xi, il 0)) - p(6)

+-+: Next ,u§ ) with prob. to dist.? to clos. ,u( ) O(log(k)) =argmin Y ;" | —log p(xi,y;|0) — log p(0)

0cO
If prior p() =1 — Ovire = Oniap
10.3 Probabilistic Perspective on Regression

8.2 Choosing k [regularized loss: R+ A - k]

Plot cost R against k, identify the elbow (or kink) of curve.

9 Principal Component Analysis with k=1 Gaussian dist. for data noise: Oy g = min of square loss

* ok * ; n w2 . ~ . . .
W21y %y = ardg min >0 [[x — zwl[3 Prior for 8: fyap = solution for ridge/LASSO regression
weRd:||wl|2=1 . . 2 . . 202
21,.,2n €R Gaussian Prior: A = - Laplacian Prior: A = <7
. _ T Ty _xd y T 2
Optimal 27 = w' x;, E=X'X=3Aviv; 10.4 Probabilistic Perspective on Classification

W*

argmin Y . ||x; — wwlx;||3

weRd:||wl|2=1

= argmax y ;1 (W
[[w|l2=1

Bernoulli distr. for data noise: Oy = min of log. loss
Prior for 0: Oyjap = sol. for log. ridge/LASSO regression

2 T
Xz) - ?fvgvﬁlafw Ew Gaussian Prior: A = # Laplacian Prior: A = %
2= o

10.5 Gaussian Bayes Classifiers (Supervised)

Gaussian Naive Bayes Model: ¥, = diag(o1, ...,04)
LDA: ¥; =%;, Fisher's LDA: ¥; =%; & P(Y =y)

T

o W = vy, with (wH)TZw* = )\

9.1 PCA with arbitrary k, £%) =

Z k+1

.
-
.
.
-
<
I
20l
N[ =

W* z¥ ... z*) = arg min s Wz'—x'2

( 1 n) WGRkag:WTW:Ik 2zl i = xil[3 10.6 Gaussian Mixture Models (GMM) (Uns.)
zeRk Sample length of multivariate Gaussian: ov/d

Sol.: W* = (vi]...|vz), 2} = W, Xnew = Wz} GMM with identical, spherical cov. matrix — K-means

9.2 Connection to SVD
nY =X'X = veTUTUSVT = VIAV =\ =02/n
Top k principal components are first k columns of V

9.3 Kernel PCA

E=1: ax = argmaxa’ K'Ka = f%vl 2* = a*k(x)
aTKa=1

Hard EM Algorithm (maybe for Gauss!):
E-step: z( ) = a,rgmax]P’(zw(t—l))P(xdz?9(15—1))

z
M-step: 6() = arg maxP(D®")|f)
0

Soft EM Algorithm (needed?):
Constralned GMMs:

Sy = =y (X — Hy) (X

ny Laizyi=

z,(:) = Z?:l ag. )k(xj, Xr), proj. of xj onto ith feature. — )"

11 Tricks

Vw(w,x) =x Proj. Matrix: P2 =P — for ex.. WW7
Vi, (WoW1x) =xTWT vV (WyW;x) = WixT
EY|X =2]=>,aPY =a|X =2)
E[((f(X),V)|X = x] = 3, ((f(x),a)P(Y = alX =x)
PY#alX=2)=1-PY =a|X =2)

P(X) = >, P(X[Y;)P(Y;)
PCA loss L") = 0, if data lives in < r-dim. subs. of R?
LW = N — A =LED _ [k
ly = Xwlf3 = |lyll3 — 2y Xw + [|Xw]|3

Linear Regression: E.[xL W] = E. [Xg;st((XTx)_ley)]

= Ee[x{o (XTX) ' XT (XW* + €))]

= xt (XTX) I XTXw* + xL (XTX)"IXTE,[¢]

= X‘Z;stw*

K-means: memory, add. and mult. — ploy. in n,d, K
1

b—a’

Uniform: Y ~ Ula,b] — p(y) = {0

Gaussian: Y ~ N (p,0%) — p(y) = Varo?
L _ly—pl

>
Pareto: V ~ Pa(u, k) — p(y) = S Y2 K
05 y<u
=1
Bernoulli: y ~ Ber(p) = p(y) _ b, Y )
l—p, y=-1
g\z 5 y = 1’
Ber(o(z)) — p(ylz) = (2) — o(y2)
1- J(Z)v Yy = —1.

S . _ 1 C g — AT
Logistic f: 0(z) = 77—, Batch norm: 7; = VELEE+ B
a polynomial of degree m can interp. m-+1 points
Orthon. sett.: coord. of wy, to 0, remain 0 for bigger A

trace(ABC) = trace(CAB) trace(A) =3, A



